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Quadratic band touching

Quadratic band touching (QBT) in fermion systems provides a distinct
low-energy universality class from linear Dirac points.
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non-relativistic <> relativistic



Quadratic band touching

QBT has attracted attention because it is marginally unstable against
interactions sun et al. (2009),, unlike Dirac points.

This instability turns QBT into a platform for studying interaction-driven
phases, such as

- nematic order
- quantum anomalous Hall state

+ quantum spin Hall state

However, it is important to fully understand non-interacting QBT sys-

tems before considering interactions.
| refocus attention on non-interacting QBT as a quantum critical point.



https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.103.046811

What is missing?

QBT model in momentum space:

2 _ 2
H(k) = tyky —t Ky (t+ "2'75_—)'%1];2 (11)
(b, +t )koky K2 —t k3

Quite easy to solve:
- 1 [—k - 1 (k
e (k) =t k[, b (k)= ] ( P 2) ve_(k)=—t_[k[> b_(k)= & (kl) :
1 2

Are these all about this system?

Actually, studies have overlooked an essential aspect of non-interacting QBT
systems!



What is missing?

- One-particle energy dispersions and Bloch states are easy, but still
many-body ground-states have room for non-trivial physics.

- | discover that the ground states of QBT systems exhibit spatial
conformal invariance.



Conformal symmetry

Conformal transformations:
ot g, (w) e Qx)g,,(T) (1.3)

Locally, it looks like a scale transformation.

Figure 1: An example of conformal transformation. Angles are preserved, but lengths
are not.



Conformal quantum critical points (CQCP)

Two distinct classes of quantum critical points with conformal symmetry:

Conformal field theories (as quantum critical points)
- d + 1-dim. systems with d + 1-dim. conformal symmetry
- Widely observed.
Conformal quantum critical points (CQCP) < Today's focus
+ d+ 1-dim. system
- Non-relativistic = No d + 1-dim. conformal symmetry
- Ground states exhibits d-dim. spatial conformal symmetry

- Less common and fine-tuned. Often appear as multicritical points.



Conformal quantum critical points (CQCP)

Spatial conformal symmetry in CQCPs is formulated via the
quantum-classical correspondence:

T

) . e O .
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-O)
|

(GS|é(t =0)|GS)cqep. . = <O>CFTd (1.4)

d+1



Conformal quantum critical points (CQCP)

RK state Rokhsar Kivelson (1988). Henley (2004). Castelnovo et al. (2005). :

|GS) : \FZ\/e BE(C)|C), Z:= ZeBE (15)

- (': Classical configurations (e.g. spin config. in the Ising model)
“(CIC") = d¢er

Quantum-classical correspondence:
Z F(C = (GS|F|GS), F=) F(C (16)
CeC ceC

Parent Hamiltonians of RK states are CQCP if the corresponding classical
model is critical.

(However, it cannot be applied to fermionic systems.)


https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.61.2376
https://iopscience.iop.org/article/10.1088/0953-8984/16/11/045
https://www.sciencedirect.com/science/article/abs/pii/S0003491605000096

Let us turn back to the QBT systems. In this talk, | present the following
results:

- d + 1-dim. QBT systems form a CQCP corresponding d-dim. symplectic
fermion theory.

- The explicit quantum-classical correspondence is written down.

- There exist anyon-Llike excitations in (2+1)D QBT systems originating from
the underlying symplectic fermion.

- Moving anyons along non-contractible loops induces transitions
between topologically degenerate ground states.

- Action of 27 rotation for these anyons exhibit a Jordan block structure.



Continuum model



Continuum model

I consider a (d + 1)-dimensional continuum model of d-component fermions
with QBT.

1-form fermions:
D) = dy(@)da’, (@) = P (@)do’, (21)
The Hamiltonian of the continuum model is given as

H =t (!, d) + t_(5, 501)

= / (t, dit (@) A xdip(x) +t_0h(x) A %80T (), (22)

where ¢, are positive constants.



Continuum model

I'will mainly focus on the two-dimensional case d = 2 in this talk. In two
dimensions, the explicit forms of di) and 8¢ are given as

dip(x) = (9,15 (x) — Oythy (m))dat A da?, (23)

W(x) = _alwl(m) - 821%(56)7 (2.4)

and the same applies for z[ﬁ. The Hamiltonian is expressed as

fi = [ @ (3@ i) HE) (jgg) 3

. 024+t 0% —(t, +1t_)d,0
H(V) — ++2 1 ( + ) ) 1 22 )
—(t, +1)Dy0,  —t, 0+t 03



Continuum model

In momentum space, the Hamiltonian is expressed as

- 2k - 0
H= / @2 (ﬂk T/J;k> H(k) (12);:) ) (2.7)

Hk) = tok3—t kY (t, +t )kiky
(ty +t )koky  t kI —t k3
t,—t to+t

= 5kt +k3)oq — *‘5 -

+ (t, +t )k kyo,. (2.8)

(k% - k%)o—z

When d = 2, this gives a general effective Hamiltonian of rotationally
symmetric two-bands system exhibiting QBT (up to unitary transformations).



Continuum model

By diagonalizing this Hamiltonian, the energy dispersions ¢, and the Bloch
states b, are given as

e (k)= L IkE, B, (k) = % (29)

k

(k)= —t_[k?, b (k)= 2k

where k' = (—ky, k;). The two bands touch quadratically at k = 0.

The ground state with all negative-energy states occupied is expressed as

GS) igkJy! |0 (211)
68) = 7 T30,
where Z = Hk#o(gQ\k\Z) and g = 1/V/4r. These factors are introduced for

later convenience.
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Lattice model
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Figure 2: square lattice ++ checkerboard lattice

I assign fermions to all edges of the lattice and denote their creation and
annihilation operators as ¥ (e) and v (e), respectively. These satisfy

{dh(e),t(e)} =6, cr- 31)



Lattice model

Continuum QBT model:

H= / A% (t, dipt () A *dip(x) + t_00(x) A x0T (2)). (32)
Lattice QBT model:
H=t " djpt(v)db(v) +t_ > a(f)ot(f (33)
veV feF

V' set of vertices, F': set of faces.

& — 1y 4, + 9, -

+—H+H—+i+¥
& +1,

- ) + 9,



Lattice model
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Lattice model

An important property of this model (for both lattice and continuum) is
frustration-freeness, which means the ground state minimizes each term of
the Hamiltonian simultaneously.

In the present model, this means

Ay (v)dd(v)|GS) =0, YoveV, (34)
SO(f)ot(f)|GS) =0, VfeF. (3.5)

Another expression:
d(v)|GS) =0, YoeV, (3.6)

St (f)|GS) =0, VfeF. (37)



Correspondence to symplectic fermion



Correspondence to symplectic fermion

|GS) = f [1igk7% . l0), (41)

k40
where Z = Hk#O(QQ\kP) and g = 1/V4r.

Let us represent this ground state using a fermionic path integral. For each
non-zero mode, | insert the identity

x = /exp(ka)aﬁk. (4.2)

Here, | use right integration df,, = 5/80k to avoid later sign complications.
Then, the ground state is expressed as

GS) = ﬁ II [/ exp (19736 | 0)

- / Or—o exp <fg / (gi')"z ugmk@,k) 10yDo
:%/Okzoe){p /d%aﬂa( it )) 0)Do (43)




Correspondence to symplectic fermion

Thus, the ground state can be represented as

1 .
= — d0)yDO, L4
&= — [ cloas) (44)
where ¢ := 0,,_, is the zero mode and |gd#) is a fermionic coherent state
given by
|gdB) = exp (—g/dda: 6J€(m)qﬁj(m)> |0). (4.5)
This coherent state satisfies
- 0,0(x)
; d) = ¢0,0 df) = ———=*|gdb 4.6
Vil@)lgdd) = g,6()lgd0) = = 7="9d) (4.6)

Other degenerate ground states can be constructed by acting the zero-mode
creation operators %T,k:o on |GS).
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Correspondence to symplectic fermion

The bra of the ground state in Eq. (4.4) is given as
1
| = — | DO*(gdb*|£*. 4.7
€= = [0 tainle (47

Here, 6* are not the complex conjugates of #, but independent fields. Then,
the norm of the ground state is

(€)= / Do (db*|e* / £lgd6)D
= E/1)9*5"§e3>(p (gz(dH*,dG))DH
. % / DODO" €€ exp(—S[B, 6]). (4.8)

The normalization constant Z can be regarded as a partition function. The
action S[6, 6] is given as

S[6,6"] = 4% / d120,6(2)00" (), (49)

which coincides with that of the symplectic fermion theory.
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Correspondence to symplectic fermion

The correlation functions in the QBT systems correspond exactly to those of
symplectic fermion. For the two-point function, we have

(€10 (@)D, (y)le / DY*¢* (gdd |} () / ¢[gdo)D
=% / DIDY* 0,0 (2)0,0(y) e 5104

1 * *
= (€08 (@)0,0)%). (410)
where we have defined

(X) = % / DODO* X e 50071, (411)
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Correspondence to symplectic fermion

For general correlation functions, we have

(€| FOGIE) = (¢* Flgdo]|Glgdbl€), (412)

for arbitrary functionals Fand G. This correspondence is summarized as

~ood) o
o T ——
Ve v Vir (13

Note that in addition to simply making this replacement, we need to
additionally insert zero modes £*€.

23



An aside: Correlation functions

Two-point correlation functions of 0 :

(€60 (2)0°(y)) = —z4p In |z — y|?, (414)
where (0',6%) = (0,6*) and g1, = —e4; = 1.
Multi-point:
*eh v f%2n = — — 2
(€760 (@1) 0% (@5,)) = PE [ o, Infos =] (415)

Two-point correlation of 1) :

(101 @)D, )]6) = (€00 @I 9E) = 2 Dz — g2 (416)

24



Short review on logarithmic CFT and Symplectic fermion



Short review on logarithmic CFT

Scale invariance means that fields transform under scaling y = Az as

D (@) > A2 PA (), (51)
where A is called the scaling dimension.

In ordinary CFTs, a primary field ¢, (z) with conformal weight h transforms
under z = w(z) as

d h
op(2) = <d1,:> op(w). (5.2)
In log CFTs, there exist logarithmic partners ¢, (z) that transforms as
d (h+6h)
e =(F) bW
dw\" d
~ (%) [mntw +108(52) ntw)] 53)

Here, 6, is a nilpotent operator acting on local fields that satisfies 62 = 0
and 6,1y, = ¢y,

25



Short review on logarithmic CFT

As an example, let us consider a rotation z =+ w = €2™'z.

For primary field,

dw

- h .
et tog, (2) = () onlw) =6 (2), (54)

where L, — Ly is the rotation generator. For logarithmic partner,

62'"(L07L0)1/)/h(z) s 627ri(h+6h)’(/)h(’w)
= ™" [, (w) + 27igy, (w)] (5.5)

— Action of rotation has a Jordan block structure!

26



Short review on logarithmic CFT

(For audience familiar with CFT)

Logarithmic partners satisfy

T(2)ty, (w) ~ hwhg;ﬂiﬁ;(w) + 87;’7/:’1(5). (5.6)
In terms of the Virasoro generators L, , this means
Loln) = hlvw) +[64),  Lyltp) =0, Yn>1. (5.7)
2pt correlations:
(6 () (w)) =0, (58)
(@2 () = o (59)
() () = B 2ALBE W) (510)

(z —w)?h

27



Short review on symplectic fermion

Symplectic fermion theory Kausch (2000).:
S10,67] = 4i / A 0,0(2)00" (), (511)
i

CFT in any dimension d.

Especially in 2D, symplectic fermion is a logarithmic CFT with the central
charge ¢ = —2.

Various models are described by this theory:
- Abelian sandpile model Piroux, Ruelle (2005)

- Haldane-Rezayi state Haldane, Rezayi (1988).

- Non-Hermitian Su-Schrieffer-Heeger model chan, You, wen, Ryu (2020)

- and many more...

3D symplectic fermion is studied in the context of dS/CFT correspondence
Anninos et al. (2016).

28



https://doi.org/10.1016/S0550-3213(00)00295-9
https://doi.org/10.1016%2Fj.physletb.2004.12.045
https://link.aps.org/doi/10.1103/PhysRevLett.60.956
https://doi.org/10.1103/PhysRevResearch.2.033069
https://doi.org/10.1088/1361-6382/34/1/015009

Short review on symplectic fermion

This theory has logarithmic operators. 0(z, z) decomposes as
0(z,2) = 0(z) + 0(z). Logarithmic partner of identity is given by
w(z) =:0(2)0*(2): := Um[0(2)0* (w) — log(z — w)I]. (512)

This satisfies

2™ Lo—Lolyy(2) = w(z) + 2mil. (513)

29



Anyonic excitations



Anyonic excitations

Local excitations:
(4| H,|4p) = 0 everywhere except for finite number of sites i.

Let us remove d¢(x, )&t (x,) from H:

H =1, dpt(@)dd(@) +t_ > d(x)o)! (= (61)
zeF xzeV
xFx,

If additional ground states appear, they correspond to local excitations at x;.
Frustration-free conditions are given by
dip(x)|GS) =0, 80f (2)|GS) = 0 (x # x,). (6.2)

However, dropping one condition does not increase the ground states since
{0 ()} are linearly dependent and satisfy

ol (@) ==Y wWl(= (63)
xFx,
— No isolated excitations.
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Anyonic excitations

Next, remove the local terms di(z)d! () at two points @, , z,. In this case,
the additional ground state is given by

10(,)6(a,) / B(a,)0(3) gd8) Do, (6.4)

1

VZ
Since the delta function is given as §(6(x)) = 6(x), this state represents that
two punctures with the Dirichlet boundary condition are created at «; and
x,. Let us call these excitations Dirichlet excitations.

Figure 3: two punctures on a sphere
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Anyonic excitations

The Dirichlet excitations are not created by local operators like O(z, )0’ ()
from the ground state |£). Instead, they are created by non-local string
operators as

16(a)0()) f / (2y) — B(x))€]gdd) DO

:ﬁ / /w d6¢|gdo) Do
= Vi [ ). (65)

The curve connecting ; and x, can be continuously deformed since

di(@)[¢) = 0.
ot

Figure 4: Two Dirichlet excitations created by a string operator 3




Anyonic excitations

We can construct Neumann excitations by
&
6@ (@) = Vir [ i) (6.6)
Z,

where ¢* is the dual field of 6*.

Figure 5: Two Neumann excitations created by a string operator

33




Anyonic excitations

One way to see this duality is to exchange particles and holes in the
definition of ground states.

&) = % / Eexp(—g(66", $))[0) D", (67)

where |0) is the state with all modes occupied. The quantum-classical
correspondence for the dual field is given by

AN 3

it , “ ) 6.8
RV r Y (68)

The relation between 6, 6* and ¢, ¢* is expressed as
dg* = d¢~, (0",60%) = (0,0"), (¢".¢°) = (¢, 6") (69)

Using complex coordinates, the duality relation implies
$%(2,2) = —i0%(2) +i0%(z) (0°(2,2) = 0°(z) + 6%(2)) . (610)
up to additive constant modes. c.f. T-duality
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Anyonic excitations

Composite excitations:

In symplectic fermion theory, the composite excitation corresponds to the

field
¢"0(z, 2) = (=i0"(2) +i0"(2)) (0(2) + 0(2))
= i0(2)0"(2) — i0(2)0" (2 )
=iw(z) —iw(2), (611)

where w and w are the logarithmic partners of the identity in the
holomorphic and anti-holomorphic sectors, respectively.
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Topological degeneracy

If the spatial manifold has genus g > 0, there exist 2¢g non-contractible
loops. String operators along such non-contractible loops are defined as

v, :7{ b, Wl ::jé <, (612)
T, T,

where a = 1, ...,2g labels independent non-contractible loops. Here, loops
T, and I, are chosen so that they intersect odd times if a = b and even
times if a #+ b.
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Topological degeneracy

The loop operators satisfy the relations
{,, (&)} = {¥,, 00 (@)} = 0, (6:13)
(L, (@)} = (¥}, 001 ()} =0. (614)

Therefore, loop operators preserve the frustration-free conditions and map
ground states to ground states.

Note: These loop operators are not symmetries of the system since they do
not commute with the Hamiltonian.

The anticommutation relations among the loop operators are calculated as

{T,, U1} =3, (65)
{T,,0,} = {¥}, ¥l = 0. (616)

— 49 -fold degeneracy on a genus g surface.
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Let us consider the spin of the anyon-like excitations. The representation of
2 rotation is given by e?™Eo—Lo) For the 6(z, z) field , we have

627”;(LU_LU)9(Z7 5) = 627ri(Ll)—L0)(€(z) + 0(2))
=0(z,2), (617)

since A(z) and 6(Z) are chiral primary fields with conformal weight » = 0 and
h =0, respectively.

Similarly, a single ¢* excitation also has a trivial spin.
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On the other hand, 2 rotation of the composite excitation ¢*6 is given by

e2ﬂ<Lo*io>¢*9(z, z)

= ie2miLoy(z) — ie2miLog( )

=i(1 4+ 2miLy + - )w(z) —i(1 — 2miLy + - )w(2)

i(w(2) + 2mill) — i(w(2) — 2mil)

= ¢*0(2, 2) — 4nl. (618)

Therefore, when we rotate this anyon by 2, it produces an additional term
proportional to the identity operator, indicating a non-diagonalizable action
of the rotation.
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The same non-diagonalizable spin can be explicitly observed at the level of
quantum states. Let us consider

4r /w xabt /9c D6, (619)

oo o0

The action of 2 rotation is implemented by an anticlockwise winding ¢*(x)

around 6(x).
T o A9 = T IR (6.20)

This process yields additional contour integrals given as

i 7§ w3t [ dle) = 47r{ ;4 i, /Oo ’ w} & = —axle). (621

— Consistent with the field theoretic calculation.
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Summary and outlook

- | established the exact correspondence between QBT systems and
symplectic fermion theory for both continuum and lattice models in any
dimensions.

- In two dimension, | constructed anyonic excitations in QBT systems that
come from the underlying symplectic fermion theory.

- Topological degeneracy is explained in terms of anyons.

- Observed non-diagonalizable action of rotation for the composite
anyons.
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Summary and outlook

Future directions:

- Study of the interaction-induced phases around the QBT systems from
the viewpoint of symplectic fermion theory and anyonic excitations.

- Categorical formulation?
- Introduce spin structure and twist fields with h = —1/8.
- Entanglement properties

- PEPS representation of ground states

42
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