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Detectability lemma

We can replace each local Hamiltonian with a projector while preserving its
local ground states. This operation does not change the ground states and
the dynamic critical exponent.

Detectability lemma
Let H =} H; be a geometrically local frustrarion-free Hamiltonian with
ground space projector G and spectral gap e. We assume H; is a projector.

Choose some ordering of the terms H; and let P := [ (1 — H;), where
product is taken with respect to this ordering. Then

g2
P—G| <4 4

where g is the maximum number of noncommutative H; for one H,.




Detectability lemma

Let P, =1—H;and P:= P, P, - P; . Forany state |¢), if H; and H; are
commutative,

1 Pi|o)| = | P H;|o) | < [ H;lo)]- (4.4)
Also, for any H; we have
1, Pilo)| < | H;|d) | + | H Hjl )| < | H;|p) | + |1 Hjl )] (4.5)

Let us consider ||H, P|y)|. We move H, to the right using the above
inequalities. Repeating this procedure, at most g terms appear, and

|H Pl <Y IH, Py, P, (4.6)

iy~

where 4, ~ i means that [H, , H;] # 0. Then

2
|5, Pl)* < g ( D _HPy Py ) ) le PR ML)

i~ zl~z

(4.7)



Detectability lemma

Let us evaluate (y|PTHP|):

(|PTHPlp) = ZNHPWW<g§jZN WPy, P )

i=1 i;~i
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=¢*Y (Y|P, P, (1— PP, P [¢¥)
=1
g (L= P)I?). (4.8)
For states [¢*) such that Gyt) = 0, GP|w*) = G|wt) = 0. Therefore
e| PP < (Wt [PTHPY) < g*(1— | Plyh)]?). (4.9)
Thus
Pl < =5, cIP—Gl<\| L=, IPP—cl< £ @)
“\ g2+ T “\V P+’ TP+



Proof of Gosset Huang inequality

We divide the P, to the ¢ layers or colors so that P, are commutative with
each other in a layer. Let us consider

P=(P P )Py P n,) o (PoyPoy) (411)

c

where P, , is n-th projector of i-th layer. The minimum of ¢ does not depend
on the system size. Then we have

(TO()0" (y)|¥) = (¥[|O(x)(PTP)"O' (y)|¥) (412)
forn <m ~ |z —y|. Therefore
(T|O(1 — G)O'|T) = (¥|0(Q,,(PtP) — G)O'|¥), (413)

where @,,,(x) is the polynomial such that deg @,,,(z) = m and @Q,,(1) =1, Let
G':=1—G. Using PIPG =GPIP =G,

(PtP)" —G = (PTP-G)"(1 - G). (4.4)
Therefore
(T|O(1 — G)O'|¥) = (¥|0Q,, (PP — G)G+O'|T)
< OO I Qm (PTP = G- (415)



Proof of Gosset Huang inequality

Using |PTP — G| < ¢%/(g° + ¢),

HQm(PTP—G)”g max |@,,(z)], where §=

. 416
0<z<1-§ g% +e (16)

The optimal polynomial is the normalized degree m Chebyshev polynomial
of the first kind:

(47)

where T, (x) = cos(marccosz) or cosh(marccosh x). The polynomial @,,(z)

satysfies
Qe (2)] < 267278 = 2exp (fzm , /ﬁ) . (478)

Using (415) and (418),

(wjo@ - ¢)0'|w) e
[o1)I0" )] S%XP( 2 \/:) (419)
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